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1. INTRODUCTION 
In [4], Hawkes provided the first examples of non-saturated Fitting formations: 
since then no others have appeared. His examples relied crucially on the fact that 
they contained groups of p-length two for some prime p to obtain non-saturation. 
We started our investigation with the aim of seeing if we could find non- 
saturated Fitting formations of p-length one for all primes p. We soon convinced 
ourselves that some variation on Hawkes examples was possible: the examples 
recorded in Section 3 below arc the easiest to describe of those we found. 
We are able to use the Fitting formations of Section 3 to give an example of a 
group G (of nilpotent length 4) with an X-injector (of nilpotent length 3) x’, and 
a subgroup H of G such that H covers and avoids the same chief factors of G 
as X, but which is not itself an X-injector: this example is given in Section 4. 
Since a metanilpotent Fitting formation is subgroup closed [4] it follows from [l] 
Theorem 4.1 that our example is best possible with a Fitting formation. How- 
ever, the situation is different for Fitting classes which are not formations. 
After we had found this example, Lockett pointed out to us that he has given a 
similar example in his thesis [7], using the Fitting class C, n N2, the class of 
metanilpotent groups in which every minimal normal 3-subgroup is central. 
2. A CLASS OF MODULES 
In this section k will denote an algebraically closed field, and p a prime (not 
necessarily the characteristic of k). 
For each soluble goup G, we define Y(G) = Y,p(G) to be the class of all 
irreducible KG-modules Z’ such that 
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(i) p does not divide the dimension of V, 
(ii) if 6 is the representation fG afforded by V, then for g E G, det(g0) 
lies in the p’-roots of unity in K, and 
(iii) G/ker V is p-nilpotent. 
2.1 THEOREM. (i) If H is a normal subgroup of G, V E Y(G), and U an 
irreducible component of V, , then U E Y(H). 
(ii) If V is an irreducible KG-module, where G = N,N, , and, for i = 1, 2, 
we have Ni normal in G and each irreducibk component of VMi in Y(N,), then 
V E Y(G). 
Proof. (i) We may assume that His of prime index r in G. If VH is irreducible 
there is nothing to prove, and we may therefore assume that V, = VI @ .‘. @ Vr, 
where the Vi are irreducible. Since dim V = r dim V, , we have T #p, and 
dim Vi = dim VI is not divisible by p. Also we have ker Vi > H n ker V, and 
so H/ker Vi is p-nilpotent. 
We now need to show that if ei is the representation fH afforded by Vi , and 
h E H, det(h8J is a p’-root of unity: it will be enough to show that if h is an 
element of p-power order, det(h0J = 1. From Clifford’s theorem, we can 
choose xi E Op(G)\H such that hOi = h%3, , and hence, putting 0~~ = det(hQ, 
cli = det(h0J 
= det(h[h, x&e, 
= det he, det[h, x,]t9, . 
Since [h, xi] E Or’(G) n H (which, module ker VI , is ap’-group), and h has order 
a power of p, we have det[h, x,]e, = 1, and so oli = 0~~ .But now V E Y(G), and 
so 
whence 01~ = 01~ = 1 (since p # r). 
(ii) We may assume that Ni is of prime index qi , i = 1,2, and we shall 
Put 
where the Viii are irreducible, and ti is 1 or qi . 
Since Vii E Y(N,), we have N,/ker Vij isp-nilpotent, and hence N,/(N, n ker V) 
is p-nilpotent. Now G = NrN, = (Ni ker V)(N, ker V), and since 
(Ni ker V)/ker V is p-nilpotent, so is G/ker V. 
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Let 19 be the representation afforded by V, Bij the representation afforded by 
Vii . Since x E G may be written x = yz, withy E N1 , z E N, , we have 
det x0 = det y6 . det x0 
Each of the det yOlj and the det zezi are p’-roots of unity, and hence so is 
det xf3. 
Now p does not divide dim V unless q1 = q2 = p, and t, = t, = p: we assume 
therefore that t, = t, = p. It follows that j Ni : Ni n N, 1 = p, and hence 
that Vij(N,nN,) is irreducible for all i, j. But then since Vlj # V,, for any i, 1, 
V NlnNZ has two distinct decompositions into a direct sum of irreducibles and so is 
homogeneous. 
We now consider Vlj: since Vli~,nN,~ g Vll~IODNa) , it follows from 
Theorem 51.7 of Curtis and Reiner [2] that Vii s VI, @ T, where T is a one 
dimensional module for Ni with Ni n Nz < ker T. Ifg E Ni , T is the representa- 
tion afforded by T, and m the dimension of VI, , 
det gO,$ = det gO,,(det gT)“, 
whence det gT is a p’-root of unity and hence T is a trivial representation. Thus 
VI, E VI, , and VN1 is homogeneous. 
Again by Curtis and Reiner [2] Theorem 51.7, we have V 2 V& @ U where 
V$ affords a projective representation fG, V&, = VI, and U can be viewed 
as affording a projective representation f G/N, (and is therefore one dimen- 
sional). 
Now we have dim V = p dim VI, = dim VI, , a contradiction. Thus p does 
not divide the dimension of V, and the proof is complete. 
Finally in this section we record a result which is useful in constructing 
examples. 
2.2 LEMMA. Let F(G) (the Fitting subgroup of G) be an extraspecial group of 
order r3 and exponent r (r an odd prime), and suppose that Z(G) = Z(F(G)) and r 
does not divide 1 G/F(G)j. If K is a jield of characteristic q # r, containing a
primitive rth root of unity, then there is a faithful irreducible representation b’ of G 
over K such that 
(i) 0 has degree r, and 
(ii) GO < SL(r, K). 
Proof. We sketch the proof. Put R = F(G), and let 0, be a faithful irreducible 
representation fR over K. The following facts about t9, are well known: 
(i) 0, has degree r 
(ii) RO, < SL(r, K) 
(iii) O1 is determined by its restriction toZ(R). 
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It follows that 0r is G-invariant, and (as in Lemma 6.24 of Isaacs [6]) that 0i 
may be extended to a faithful irreducible representation 0 of G such that 0 has 
degree r and GB < SL(r, K), establishing the lemma. 
3. FITTING FORMATIONS 
If a chief factor of a group G has order divisible by a prime q, we consider it 
as a Z,G-module in the usual way. Following Hawkes [4], if k is an algebraically 
closed field of characteristic q, we denote by M,(G) the class of RG-modules 
which appear as composition factors of kG-modules of the form k $Jz V’, where 0 
V is a q-chief factor of G. 
We now define a class of groups Y,” as follows: 
Y,” == (G : M,(G) < Y(G)} 
where Y(G) is defined as in Section 2. 
3.1 THEOREM. Y,g is a non-saturated Fitting formation. 
Proof. Since Y,p is defined by a condition on chief factors, it is a formation. 
The proof that Y,p is a Fitting class follows as in Hawkes [4], with Theorem 2. I(i) 
used instead of Clifford’s Theorem for normal subgroup closure, and Theorem 
2. I(ii) instead of [4] 2.4 for normal product closure. 
To show that Y,* is not saturated, take p, = p if p is odd, p, = 4 if p = 2, and 
choose a prime Y # q such that p, divides r + 1. Then, if R is an extraspecial 
group of order y3 and exponent Y (or quaternion if r = 2), R has an automor- 
phism a of order p, which acts faithfully and irreducibly (since p, > 2) on 
R/Z(R) and centralizes Z(R). If P = (a} set H = RP. By Lemma 2.2 there is a 
representation 6’ of H over k satisfying 0 has degree Y and Ho < SL(r, k). Let 
U be a Z,H-module such that some composition factor of k @?, U affords 6: 
then (from Theorem 70.14 of Curtis and Reiner [2]) all composition factors of 
k &, U lie in Y(G), where G = UH, and hence G E Y,P. 
On the other hand all faithful irreducible k(H/Z(H))-modules have dimension 
pa , and so, if V is a faithful irreducible Z&H/Z(H))-module V(H/Z(H)) $ Yun, 
demonstrating that Y,P is not saturated. 
4. COVER AND AVOIDANCE 
In this section we use the examples constructed in Section 3 to produce a 
Fitting class X and a group G such that G has a subgroup H which covers and 
avoids the same chief factors of G as an X-injector, but which is not itself an 
X-injector. 
We start by constructing G. Let C be a Sylow 3-subgroup of SL(2, 3) (so that 
MORE FITTING FORMATIONS 577 
C is cyclic of order 3), and Q the normal Sylow 2-subgroup of SL(2, 3) (so that Q 
is quaternion): then SL(2, 3) = QC. It follows from [5] Hilfssatz 9.12 and [8] 
Theorem l(a) that if E is an extraspecial group of order 27 and exponent 3 and 
A = Aut E, we may embed SL(2,3) in C,(Z(E)). Thus we may form the 
group EQC, where Z(EQC) = Z(E), and QC acts faithfully and irreducibly 
on E/Z(E). 
4.1 LEMMA. Let q be a prime such that 3 j q - 1. Then EQC has a faithful 
(absolutely) irreducible representation 6’ of degree 3 over 2, such that (EQC)O < 
SL(3, q). Further, 8 can be chosen so that Boc = 7 @ IJ, where 77 is the trivial 
representation of degree one, and v is faithful with (QC)u < SL(2, q). 
Proof. Let B,, be a faithful irreducible representation of E over 2, : 0, has 
degree 3. By Lemma 2.2, B,, is extendible to EQ. All faithful irreducibles of EC 
are of degree 3, and so B,, is extendible to EC. It then follows from [6] Corollary 
11.31 that B,, is extendible to a faithful irreducible representation 6’ of EQC of 
degfee 3. Clearly (EQ)O < SL(3, q). Al so, Bc is regular and hence if g E C, 
det g6 = 1, giving (EQC)B < SL(3, q). 
Now Ooc = 7s @ us, where v,, has degree one, and v0 is of degree two and is 
faithful and irreducible. If r10 is not trivial, let or be the representation of EQC 
given by (xy)vr = (y+l, x E E, y E QC. Replacing B by 6’ @ or , the following 
properties are easily established: 
(i) det(0 @ yr) = det 8, and hence (EQC)(O @ 7,) < SL(3, q) 
(ii) (0 0 7doc = rlo 0 (7110c) 0 v. 0 (71~~)T where 7. 0 (71~~) is trivial 
and Wvo 0 (710~)) = det((e 0 7&d 
Putting 7 = 7. @ (710c), v = v. @ (vroc), we obtain the second part of the 
lemma, since 1 = (det O)oc = det(7 @ V) = det v. 
Now let M be a module affording the 0 of Lemma 4.1, and set G = M(EQC). 
Let X = Y,s as defined in Section 3. It follows from Lemma 4.1 that MQC is an 
X-subgroup of G, and it is easy to check that it is an X-injector. On the other 
hand, suppose 1 f x E Z(E), 1 # y E C, and set B = Q(xy), H = MB. Then 
MB = U @ V, where U is a one-dimensional submodule of MB on which 
(xy) acts as a nontrivial cube root of unity, and so MB 4 X. Finally, it is easy to 
see that M&C and MB cover and avoid the same chief factors of G, completing 
the example. 
ACKNOWLEDGMENT 
The work for this paper was supported by a grant from the Australian Research Grants 
Commission. 
578 BERGER AND COSSEY 
REFERENCES 
1. G. A. CHAMBERS, p-Normally embedded subgroups of finite soluble groups, J. Algebra 
16 (1970), 442-455. 
2. C. W. CURTIS AND I. REINER, “Representation Theory of Finite Groups and Associative 
Algebras,” Wiley, New York, 1962. 
3. B. HARTLEY, On Fischer’s dualization of formation theory. Proc. London Math. Sot. 9, 
1969, 193-207. 
4. T. 0. HAWKES, On Fitting formations. Math. Z. 117, 1970, 177-J 82. 
5. B. HIJPPERT, “Endliche Gruppen I,” Springer-Verlag, Berlin/Heidelberg/New York, 
1967. 
6. M. ISAACS, “Character Theory of Finite Groups,” Academic Press, New York/London, 
1976. 
7. F. P. LOCKETT, “On the Theory of Fitting Classes of Finite Soluble Groups,” Ph.D. 
Thesis, Univ. of Warwick, Coventry, 1971. 
8. D. L. WINTER, The automorphism group of an extraspecial p-group. Rocky Mountain 
J. Math. 2, 1972, 159-168. 
